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ON THE CONGRUENCES PRIMES OF SAITO-KUROKAWA LIFTS
OF ODD SQUARE-FREE LEVEL

Jim Brown

Abstract. In this paper we extend a conjecture of Katsurada’s characterizing the con-
gruence primes of Saito-Kurokawa lifts of weight κ and full level in terms of the divisi-

bility of Lalg(κ, f) to the case of odd square-free level. After stating the conjecture, we

provide evidence for the conjecture by constructing a congruence.

1. Introduction

Let κ > 2 be an even integer and M ≥ 1 an odd square-free integer. It is well
known that given a newform f ∈ Snew

2κ−2(Γ0(M)), one can associate an eigenform
Ff ∈ Sκ(Γ(2)

0 (M)) called the Saito-Kurokawa lift. As the Galois representations
attached to Saito-Kurokawa lifts are reducible, it is natural to consider the congruence
primes of Saito-Kurokawa lifts. For example, given a congruence between a Saito-
Kurokawa lift and a cuspidal eigenform with irreducible Galois representation, one
can produce non-trivial torsion elements in an appropriate Shafarevich-Tate group
attached to the (twisted) Galois representation associated to f by following the same
type of arguments used by Ribet in his proof of the converse of Herbrand’s theorem.
One can see [4] for such results.

In the case that M = 1 Katsurada conjectured a classification of the congruence
primes of a Saito-Kurokawa lift in terms of divisibility of Lalg(κ, f). We extend
this conjecture as follows. Let SM,new

κ (Γ(2)
0 ) be the space of new Maass spezialschar.

Let p ⊂ OQ(f) be a prime with p - M(2κ − 1)!. Then p is a congruence prime
of Ff with respect to SM,new

κ (Γ(2)
0 (M))⊥ if and only if p | Lalg(κ, f). We provide

evidence for this conjecture by explicitly constructing a congruence between Ff and an
eigenform G ∈ SM,new

κ (Γ(2)
0 (M))⊥ under suitable hypotheses. This is accomplished by

considering the pullback from Sp8 to Sp4×Sp4 of a suitably chosen Siegel Eisenstein
series and then using an inner product formula of Shimura to give a spectral expansion
of the pullback. One then constructs Hecke operators to “kill off” the forms occurring
in the expansion that lie in SM,new

κ (Γ(2)
0 (M)).

One should note that even though G ∈ SM,new
κ (Γ(2)

0 (M))⊥, we are not guaranteed
that G is not a CAP form. For instance, G could be an “old” Saito-Kurokawa lift
if f happens to be congruent to an oldform. One can eliminate such possibilities by
putting further requirements on the weight κ or requiring f to have Serre-level M .
This is discussed in Corollary 5.10. There is also still the possibility that G arises as
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a CAP form that is a theta lift twisted by a quadratic character, see [14] for example.
We do not address this possibility here. It is possible to show that G is not a weakly
endoscopic form by considering the Galois representations of G and Ff . While these
considerations are not necessary for the result in this paper, they are of paramount
importance in current ongoing work with Mahesh Agarwal described briefly below.

Aside from its intrinsic interest, such results can be used to produce evidence for
the Bloch-Kato conjecture for modular forms. Applying Theorem 5.9 and Corollary
5.10 to produce such results is current ongoing joint work with Mahesh Agarwal. By
applying the restrictions mentioned above to ensure that the form G produced is not
CAP combined with an argument showing that G is not weakly endoscopic, we aim
to construct a nontrivial torsion element in the appropriate Shafarevich-Tate group
as predicted by the Bloch-Kato conjecture. In particular, let p be a prime, p a prime
over p in a suitably large finite extension of Q, and let Vf,p be the 2-dimensional
p-adic Galois representation associated to f . Let Tf,p be a Galois-stable lattice and
let Wf,p = Vf,p/Tf,p. If p | Lalg(κ, f), we aim to use the congruence between Ff and
G to produce a nontrivial p-torsion element in X(Wf,p(k)) where Wf,p(k) denotes
Wf,p twisted by the kth power of the p-adic cyclotomic character.

It is also natural to consider a Λ-adic version of the results given in this paper.
Analogous theorems in that context would naturally lend themselves to results on
main conjectures in Iwasawa theory as formulated by Greenberg by pursuing the
natural generalizations of the arguments used by Wiles in his proof of the main
conjecture for totally real fields ([19]). This is a topic the author plans to return
to in subsequent work.

2. The Saito-Kurokawa Correspondence

In this section we briefly recall the Saito-Kurokawa correspondence and some of
its basic properties. The full level Saito-Kurokawa correspondence was established
through the work of many mathematicians; see [20] for an account. We are interested
in the case of odd square-free level which was established in [12] in the classical
setting and in [13] in the language of automorphic forms. We let κ be an even integer
throughout this section.

We begin by recalling the relationship between elliptic modular forms of weight
2κ− 2 and half-integer weight modular forms of weight κ− 1/2. Let M be a positive
odd square-free integer and D be a fundamental discriminant with D < 0. There exists
a Shimura lifting ζD that maps S+

κ−1/2(Γ0(4M)) to S2κ−2(Γ0(M)) and a Shintani
lifting SHD mapping S2κ−2(Γ0(M)) to S+

κ−1/2(Γ0(4M)). These maps are adjoint on
cusp forms with respect to the Petersson products. Explicitly, for

g(z) =
∑
n≥1

n≡0,3(mod 4)

cg(n)qn ∈ S+
κ−1/2(Γ0(4M))

one has

ζDg(z) =
∑
n≥1

 ∑
d|n

gcd(d,M)=1

(
D

d

)
dκ−2cg(|D|n2/d2)

 qn
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and for f ∈ Snew
2κ−2(Γ0(M)) a newform one has

SHD(f)(z) = (−1)[(κ−1)/2]2κ−1
∑
m≥1

m≡0,3(mod 4)

rκ−1,M,D(f ; |D|m)qm

where the rκ−1,M,D(f ; |D|m) are certain integrals. One can consult [11] for their
precise definition; we will not need it here. Using the Shimura and Shintani liftings
one has the following theorem.

Theorem 2.1. ([11],[12]) For D < 0 a fundamental discriminant with gcd(D,M) =
1, the Shimura and Shintani liftings give a Hecke-equivariant isomorphism between
S+,new

κ−1/2(Γ0(4M)) and Snew
2κ−2(Γ0(M)).

LetO be a ring so that an embedding ofO into C exists. Choose such an embedding
and identify O with its image in C via this embedding. Assume that O contains
the Fourier coefficients of f . The Shintani lifting gf := ζ∗Df is determined up to
normalization by a constant multiple. We have the following result of Stevens.

Theorem 2.2. ([18], Prop. 2.3.1) Let f ∈ Snew
2κ−2(Γ0(M)) be a newform. If the

Fourier coefficients of f are in O, then there exists a corresponding Shintani lifting
SHD(f) of f with Fourier coefficients in O as well.

Remark 2.3. We fix a SHD(f) as in the theorem throughout this paper. If O is a
discrete valuation ring, we fix SHD(f) to not only have its Fourier coefficients in O,
but to have one Fourier coefficient in O× as well.

Half-integer weight forms and Jacobi forms are related by the following theorem.

Theorem 2.4. ([12]) The linear map defined by∑
D<0,r∈Z

D≡r2(mod 4)

c(D, r)e
(

r2 −D

4
τ + rz

)
7→

∑
D<0

D≡0,1(mod 4)

c(D)e(|D|r)

is a canonical isomorphism between Jcusp,new
κ,1 (ΓJ

0(M)) and S+,new
κ−1/2(Γ0(4M)) which

commutes with the action of Hecke operators. It also preserves the Hilbert space
structure.

The last step is to relate Jacobi forms to Siegel modular forms. First we define
the space of Maass spezialschar. Recall that we can write the Fourier expansion of a
Siegel modular form F as

(1) F (τ, z, τ ′) =
∑

m, n, r ∈ Z
m, n, 4mn− r2 ≥ 0

AF (n, r,m) e(nτ + rz + mτ ′)

where Z =
(

τ z
z τ ′

)
with τ, τ ′ ∈ h1, z ∈ C, Im(z)2 < Im(τ) Im(τ ′) and T =(

n r/2
r/2 m

)
. We say that F is in the space of Maass spezialschar if the Fourier

coefficients of F satisfy the relation

AF (n, r,m) =
∑

d|gcd(n,r,m)

dκ−1AF

(nm

d2
,
r

d
, 1

)
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for every m,n, r ∈ Z with m,n, 4mn − r2 ≥ 0. We denote the space of Maass
spezialschar by SM

κ (Γ(2)
0 (M)). Note that the space of Maass forms and Maass cusp

forms are invariant under the action of Hecke operators. We now have the following
theorem relating Jacobi forms to the Maass spezialschar.

Theorem 2.5. ([12]) Let F ∈ SM,new
κ (Γ(2)

0 (M)) and write the Fourier-Jacobi expan-
sion of F as

F (τ, z, τ ′) =
∞∑

m=1

φm(τ, z)e(mτ ′).

Then one has

F (τ, z, τ ′) =
∞∑

m=1

(Vmφ1)(τ, z)e(mτ ′)

and the association F 7→ φ1 gives a Hecke equivariant isomorphism between the spaces
SM,new

κ (Γ(2)
0 (M)) and Jnew

κ,1 (ΓJ
0(M)). Here Vm is the index shifting operator defined

by

Vmφ =
∑

D≤0,r∈Z
D≡r2(mod 4m)

 ∑
d|gcd(n,r)

D≡r2(mod 4md)

dκ−1cφ

(
D

d2
,
r

d

) e

(
r2 −D

4m
τ + rz

)

for φ ∈ Jκ,1(ΓJ
0(M)).

Combining all of these results gives the Saito-Kurokawa correspondence for odd
square-free levels.

Theorem 2.6. ([12]) There is a Hecke equivariant isomorphism between the spaces
Snew

2κ−2(Γ0(M)) and SM,new
κ (Γ(2)

0 (M)) so that if f ∈ Snew
2κ−2(Γ0(M)) maps to Ff ∈

SM,new
κ (Γ(2)

0 (M)) one has

(2) L∗(s, Ff ,Spin) = ζ(s− κ + 1)ζ(s− κ + 2)L(s, f)

where we define the modified Spinor L-function by

L∗(s, Ff ,Spin) = ζM (s− κ + 1)ζM (s− κ + 2)L(s, Ff ,Spin)

where
ζM (s) =

∏
p|M

(1− p−s)−1.

Corollary 2.7. If f ∈ Snew
2κ−2(Γ0(M),O), then Ff ∈ SM,new

κ (Γ(2)
0 (M),O). If O is a

discrete valuation ring, then Ff has a Fourier coefficient in O×.

Proof. This follows from the formulas given above combined with the Maass relations
and the formula for the index shifting operator Vm. �

Corollary 2.8. Let f ∈ Sk(Γ0(M)) be newform and Ff the Saito-Kurokawa lift of
f . One has that F c

f = Ff .
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Proof. This is straightforward by viewing the lift through the isomorphisms described
above. For example, observe that SHD(f)c maps to fc under the given isomorphism,
as does SHD(fc). Thus, we must have SHD(fc) = SHD(f)c. The others are even
more obvious. Thus, we have that F c

f = Ffc . However, since f is a newform we know
that fc = f . This follows immediately from the fact that the Hecke operators are
self-adjoint with respect to the Petersson product. This gives the result. �

The following theorem is an easy generalization of Theorem 3.10 of [4].

Theorem 2.9. Let M and N be positive integers with M odd and square-free and
M | N . Let χ be a Dirichlet character of conductor N . Let f ∈ Snew

2κ−2(Γ0(M)) be
a newform and Ff the Saito-Kurokawa lift of f . The standard zeta function of Ff

factors as

LΣN (2s, Ff , χ, St) = LΣN (2s− 2, χ)LΣN (2s + κ− 3, f, χ)LΣN (2s + κ− 4, f, χ)

where for an L-function L(s) =
∏

p Lp(s), we write

LΣN (s) =
∏

p/∈ΣN

Lp(s).

We will also make use of the following result relating 〈Ff , Ff 〉 and 〈f, f〉.

Theorem 2.10. ([3], Theorem 1.1) Let M = p1 . . . pn, f ∈ Snew
2κ−2(Γ0(M)) a newform,

and Ff the Saito-Kurokawa lift of f . Let D < 0 be a fundamental discriminant with
gcd(M,D) = 1, χD the associated quadratic character, and cSHD(f)(|D|) 6= 0. Then
one has

(3) 〈Ff , Ff 〉 = Bκ,M

|cSHD(f)(|D|)|2 L(κ, f)
π |D|κ−3/2 L(κ− 1, f, χD)

〈f, f〉

where

Bκ,M =
Mκ (κ− 1)

∏n
i=1

(
p2

i + 1
)

2n+4 32 [Sp4(Z) : Γ(2)
0 (M)]

.

3. The conjecture

In this section we recall the conjecture of Katsurada for congruence primes of Saito-
Kurokawa lifts of full level and then state a generalization of this conjecture to the
case of odd square-free levels. We begin with some notation.

Definition 3.1. Let f, g ∈ Sκ(Γ0(M),O). Let p be a prime of O. We write

f ≡ g (mod pm)

to indicate a congruence of Fourier coefficients, i.e., that (af (n)− ag(n)) ∈ pm for all
n. If f and g are Hecke eigenforms and we wish to denote a congruence of eigenvalues,
we write

f ≡ev g (mod pm).
Furthermore, if we wish to indicate a congruence of eigenvalues away from a finite set
of places Σ we write

f ≡ev,Σ g (mod pm).
We use the same notation for Siegel modular forms.
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Let F ∈ Sκ(Γ0(M)) be a Hecke eigenform and let Q(F ) denote the finite extension
of Q generated by the eigenvalues of F . Let V ⊂ Sκ(Sp4(Z)) be a subspace that
is stable under the Hecke algebra and assume that V ⊂ (CF )⊥ where (CF )⊥ is the
orthogonal complement of CF in Sκ(Sp4(Z)) with respect to the Petersson product.
Let OQ(F ) be the ring of integers of Q(F ).

Definition 3.2. A prime p of OQ(F ) is said to be a congruence prime of F with
respect to V ⊂ (CF )⊥ if there exists a Hecke eigenform G ∈ V so that

F ≡ev,ΣM
G(mod p̃)

for p̃ a prime of OQ(F )·Q(G) that divides p. We simply say p is a congruence prime of
F if V = (CF )⊥.

One has the following conjecture of Katsurada.

Conjecture 3.3. ([10]) Let κ > 2 be even and f ∈ S2κ−2(SL2(Z)) be a normalized
eigenform. Let p ⊂ OQ(f) be a prime with p - (2κ−1)!. Then p is a congruence prime
of Ff with respect to SM

κ (Sp4(Z))⊥ if and only if p | Lalg(κ, f).

In fact, Katsurada’s conjecture is more general than stated here as it deals with
Ikeda lifts, but we restrict to the case of interest. Katsurada provides evidence for
this conjecture via the following theorem.

Theorem 3.4. ([10]) Let κ > 2 be even and f ∈ S2κ−2(SL2(Z)) be a normalized
eigenform. Let p be a prime of Q(f). Furthermore, assume that

(1) p | Lalg(κ, f);
(2) p does not divide

D · (2κ− 1)! · ζalg(2m) · Lalg(κ− 1, f, χD) ·
2∏

i=1

Lalg(2m + κ− i, f)

for some 2 ≤ m ≤ κ/2− 1 with D < 0 a fundamental discriminant.
Then p is a congruence prime for Ff . Furthermore, if one assumes that

(1) f is ordinary at p;
(2) p does not divide ∏

`≤(κ−1)/6

(1 + `) · 〈f, f〉
Ω+

f Ω−
f

then p is a congruence prime of Ff with respect to SM
κ (Sp4(Z))⊥.

We have provided evidence in previous work on this conjecture as well. For exam-
ple, we have the following theorem (rephrased here in terms of the conjecture):

Theorem 3.5. ([4], Theorem 6.5) Let κ > 9 be even and f ∈ S2κ−2(SL2(Z)) be a
normalized eigenform. Let p be a prime of Q(f) with residue characteristic p so that
p > 2κ − 2. Furthermore, assume that ρf,p is irreducible, f is ordinary at p, and
p | Lalg(κ, f). If there exists an integer N > 1, a fundamental discriminant D < 0
with p - ND, and a Dirichlet character χ of conductor N so that

p - LΣN (3− κ, χ)Lalg(κ− 1, f, χD)Lalg(1, f, χ)Lalg(2, f, χ),

then p is a congruence prime of Ff with respect to SM
κ (Sp4(Z))⊥.
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One should note the main difference in the two results is that while Katsurada’s
result allows one to vary the special value one wants to “miss”, our result allows one
to vary a character. One can find similar results in [5] where the result is in terms of
twisting by a modular form instead of a character.

The point here is to extend this conjecture to the case where the Saito-Kurokawa
lift has level Γ(2)

0 (M). We propose the following conjecture.

Conjecture 3.6. Let κ > 2 be even, M a positive square-free integer, and f ∈
Snew

2κ−2(Γ0(M)) a newform. Let p ⊂ OQ(f) be a prime with p - M(2κ−1)!. Then p is a
congruence prime of Ff with respect to SM,new

κ (Γ(2)
0 (M))⊥ if and only if p | Lalg(κ, f).

Furthermore, if there is a basis of newforms for Snew
2κ−2(Γ0(M)) or ρf,p has Serre level

M , then p is a congruence prime of Ff with respect to SM
κ (Γ(2)

0 (M))⊥ if and only if
p | Lalg(κ, f).

We will provide evidence for this conjecture in Theorem 5.9 and Corollary 5.10.

4. Eisenstein Series

In this section we define a general Siegel Eisenstein series as well as choose an
appropriate section for our purposes. We then review relevant properties of this
particular Siegel Eisenstein series. Many of the results are due to Shimura, and those
not contained in the works of Shimura can be found in [4]. The interested reader is
advised to consult there for proofs and a more complete exposition than is given here.

To ease notation we set Gn = Sp2n in this section. Let Sn be the set of n by n
symmetric matrices. We let Pn = UnQn denote the Siegel parabolic subgroup with
unipotent radical

Un =
{

u(x) =
(

1 x
0 1

)
: x ∈ Sn

}
and Levi subgroup

Qn =
{

Q(A) =
(

A 0
0 tA−1

)
: A ∈ GLn

}
.

Let N > 1 be an integer. For a prime ` define

K0,`(N) = {g ∈ Gn(Q`) : ag, bg, dg ∈ Matn(Z`), cg ∈ Matn(NZ`)}

and set
K0,f (N) =

∏
`-∞

K0,`(N).

Note that if ` - N we have K0,`(N) = Mat2n(Z`) ∩Gn(Q`). Set

K∞ = {g ∈ Gn(R) : g(i2n) = i2n}

where i2n = i12n and put
K0(N) = K∞K0,f (N).

Let χ = ⊗υχυ be an idele class character. For s ∈ C, consider the induced
representation

I(χ, s) =
⊗

υ

Iυ(χυ, s) = IndGn(A)
Pn(A) (χ| · |

2s)
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consisting of smooth functions f on Gn(A) satisfying

f(pg, s) = χ(det(A))|detA|2sf(g, s)

for p = u(x)Q(A) ∈ Pn(A) and g ∈ Gn(A). Given such a section, we define the
associated Eisenstein series by

Ef(g, s) =
∑

γ∈Pn(Q)\Gn(Q)

f(γg, s).

We now specialize to the case of interest for our results. Let N and κ be integers
with N > 1 and κ > n + 1. We require χ to satisfy

χ∞(x) =
(

x

|x|

)κ

,

χυ(x) = 1 if υ - ∞, x ∈ Z×υ , and x ≡ 1(modN).

We choose the section f = ⊗υfυ so that

(1) At the infinite place we set f∞ to be the unique vector in I∞(χ, s) so that

f∞(k, κ) = j(k, i)−κ

for all k ∈ K∞.
(2) For all υ - N we set fυ to be the unique K0,υ(N)-fixed vector with

fυ(1) = 1.

(3) For all υ|N we set fυ to be the vector given by

fυ(k) = χυ(det(ak))

for all k ∈ K0,υ(N) with k =
(

ak bk

ck dk

)
and

fυ(g) = 0

if g /∈ Pn(Qυ)K0,υ(N).

The Eisenstein series associated to this section is precisely the Eisenstein series used
in [4] and [16].

As we will be interested in classical applications, we associate an Eisenstein series
on hn × C to Ef(g, s) by setting

Ef(Z, s) = j(g∞, i1n)κEf(g∞, s)

where g∞ ∈ K∞ so that g∞(i1n) = Z. The Eisenstein series Ef(Z, s) converges locally
uniformly on hn for Re(s) > (n + 1)/2.

Our next step is to study the Fourier coefficients of this Eisenstein series. It turns
out that it is easier to study the Fourier coefficients of a simple translation of Ef(g, s)
given by

E]
f (g, s) = Ef(gι−1

n , s)

where ιn =
(

0n −1n

1n 0n

)
. We have the corresponding classical form E]

f (Z, s).



CONGRUENCE PRIMES OF SAITO-KUROKAWA LIFTS 985

Let L = Sn(Q) ∩Matn(Z), L′ = {s ∈ Sn(Q) : Tr(sL) ⊆ Z} and N = N−1L′. The
Eisenstein series E]

f (Z, s) has a Fourier expansion

E]
f (Z, s) =

∑
h∈N

a(h, Y, s)e(Tr(hX))

for Z = X+iY ∈ hn. Set ΛΣN (s, χ) = LΣN (2s, χ)
[n/2]∏
j=1

LΣN (4s−2j, χ2). We normalize

E]
f (Z, s) by setting at

DE]
f
(Z, s) = π−

n(n+2)
4 ΛΣN (s, χ)E]

f (Z, s).

We then have the following theorem.

Theorem 4.1. ([4], Theorem 4.4) Let n, N , and κ be positive integers such that
N > 1, n ≥ 2, κ > n + 1. Let χ be an idele class character as above. Let p be
an odd prime such that p > n and p - N . Then DE]

f
(Z, (n + 1)/2 − κ/2) is in

Mκ(Γ(n)
0 (N), Zp[χ, inκ]).

We now restrict to the case of n = 4. Recall that one has maps

h2 × h2 ↪→ h4

(Z,W ) 7→
(

Z 0
0 W

)
= diag[Z,W ]

and

G2 ×G2 ↪→ G4

(α, β) 7→ α× β =


aα 0 bα 0
0 aβ 0 bβ

cα 0 dα 0
0 cβ 0 dβ

 .

One can use these maps to pull back the Eisenstein series Ef(g, s) from an automorphic
form on G4(A) to an automorphic form on G2(A) × G2(A). In particular, one can
pull back Ef(Z, (5 − κ)/2) to a modular form of weight κ and level Γ(2)

0 (N) in each
of the variables Z and W separately. There is extensive literature on such pullbacks
([1], [8], [9], [16], [17]).

Define σ =∈ G4(A) by

συ =


I8 if υ - N or υ = ∞ I4 04(

02 I2

I2 02

)
I4

 if υ | N .

Strong approximation provides an element ρ ∈ Sp8(Z) ∩K0(N)σ with the property
that Nυ|a(σρ−1)υ − I4 for every υ | N . In particular, Ef |ρ corresponds to Ef(gσ−1).
Set

(4) E (Z,W ) := DEf|ρ(1×ι
−1
2 )

(diag[Z,W ], (5− κ)/2).

We then have the following theorem.
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Theorem 4.2. ([4], Theorem 4.5) Let N > 1 and κ > 9 be integers and ΣN the set
of primes dividing N . For F ∈ Sκ(Γ(2)

0 (N), R) a Hecke eigenform, p a prime with
p > 2 and p - N we have

(5) 〈E (Z,W ), F (W )〉 = π−3Aκ,NLΣN (5− κ, F, χ, St)F (Z)

with E(Z,W ) having Fourier coefficients in Zp[χ] where

Aκ,N =
(−1)κ 22κ−3vN

3 [Sp4(Z) : Γ(2)
0 (N)]

with vN = ±1.

We note that E (Z,W ) is a holomorphic cuspform in each of the variables Z and
W . One can see [6] for a proof of this fact in a more general setting.

5. A Congruence

Let k, M , and N be positive integers with κ > 9 even, N > 1, and M |N with M odd
and square-free. Let f ∈ Snew

2κ−2(Γ0(M)) be a newform. Let p be a prime of OQ(f) of
residue characteristic p so that p > 2κ−2, p - N , ρf,p is irreducible, and p | Lalg(κ, f).
We fix once and for all compatible embeddings Q ↪→ Qp, Q ↪→ C and Qp ↪→ C. Let O
be the p-adic completion of OQ(f) at p. Write $ for a uniformizer of O. In this section
we demonstrate how to use the Eisenstein series studied in the previous section to
obtain a congruence between the Saito-Kurokawa lift Ff ∈ SM,new

κ (Γ(2)
0 (M)) and a

cuspidal Siegel eigenform in SM,new
κ (Γ(2)

0 (M))⊥.
Our first step is to replace E(Z,W ) by a form of level Γ(2)

0 (M) in each variable.
This is accomplished by taking the trace of E(Z,W ):

EM (Z,W ) =
∑

γ×δ∈(Γ
(2)
0 (M)×Γ

(2)
0 (M))/(Γ

(2)
0 (N)×Γ

(2)
0 (N))

E(Z,W )|γ×δ.

It is easy to check that EM (Z,W ) is a Siegel modular of weight κ and level Γ(2)
0 (M)

in each variable separately. The q-expansion principle for Siegel modular forms ([7],
Prop. 1.5) gives that the Fourier coefficients of EM (Z,W ) lie in Zp[χ] in light of
Theorem 4.1. Observe that for F ∈ Sκ(Γ(2)

0 (M)) one has

〈E(Z,W ), F (W )〉
Γ

(2)
0 (N)

= 〈EM (Z,W ), F (W )〉
Γ

(2)
0 (M)

.

Let f0 = f, . . . , fm be an orthogonal basis of newforms for Snew
2κ−2(Γ0(M),O). Let

F0 = Ff , F1, . . . , Fm be the Saito-Kurokawa lifts of f0, . . . , fm. Let F0, . . . , Fm,

Fm+1, . . . , Fm+r be a basis of eigenforms of Sκ(Γ(2)
0 (M)) that are orthogonal with

respect to the Petersson product. Enlarge O if necessary so that the fi and the Fi are
all defined over O. Using that EM (Z,W ) is cuspidal in each variable, we can write

EM (Z,W ) =
∑
i,j

ci,jFi(Z)Fj(W ).

Combining this expansion with equation (5) we obtain the following lemma.
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Lemma 5.1. One has

EM (Z,W ) =
m+r∑
i=0

ci,iFi(Z)Fi(W )

where

ci,i = Aκ,N
LΣN (5− κ, Fi, χ,St)

π3〈Fi, Fi〉
.

It is now enough to study the p-divisibility of c0,0. To see why this is the case,
suppose we can write c0,0 = u

$b with b > 0 for some $-unit u. The following lemma
will show that the congruence we obtain is a nontrivial one.

Lemma 5.2. There is at least one ci,i 6= 0 with 1 ≤ i ≤ m + r in the expansion

EM (Z,W ) = c0,0Ff (Z)Ff (W ) +
m+r∑
i=1

ci,iFi(Z)Fi(W )

if we can write c0,0 = u
$b with b > 0 and u a $-unit.

Proof. Suppose that ci,i = 0 for all 1 ≤ i ≤ m + r. We have

(6) $bEM (Z,W ) = uFf (Z)Ff (W ).

We know from Corollary 2.7 that Ff has Fourier coefficients in O and there ex-
ists T0 so that $ - AFf

(T0). However, this gives a contradiction as we know the
Fourier coefficients of EM (Z,W ) are $-integral, and so in terms of Fourier coeffi-
cients $bEM (Z,W ) reduces to 0 modulo $. However, in terms of Fourier coefficients
we have that uFf (Z)Ff (W ) does not reduce to 0. �

Applying the same type of argument used in the proof of Lemma 5.2 we have that

(7) uAFf
(T0)Ff (W ) ≡ −$b

m+r∑
i=1

ci,iAFi(T0)Fi(W )(mod$b).

Thus, again using that u and AFf
(T0) are $-units we are able to conclude the following

theorem.

Theorem 5.3. Let M be odd and square free, N > 1 an integer so that M |N and
κ > 9 an even integer. Suppose that there exists b ≥ 1 and a $-unit u so that

Aκ,N
LΣN (5− κ, Ff , χ,St)

π3〈Ff , Ff 〉
=

u

$b
.

Then there exists a non-trivial G ∈ Sκ(Γ(2)
0 (M),O) distinct from Ff so that

Ff ≡ G(mod$b),

namely,

G(W ) =
−$b

uAFf
(T0)

m+r∑
i=1

ci,iAFi(T0)Fi(W ),

i.e., p is a congruence prime of Ff .
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Before we study c0,0 we deal with the issue that the G constructed in Theorem 5.3
could be in SM,new

κ (Γ(2)
0 (M)). We will require a particular Hecke operator to remove

other Saito-Kurokawa lifts in SM,new
κ (Γ(2)

0 (M)) that are possibly congruent to Ff .
Before we state that result, we need the following result on the existence of canonical
periods associated to a newform.

Theorem 5.4. ([15], Theorem 1) Let g ∈ Sκ(Γ0(M),O) be a newform. There exists
complex periods Ω±

g such that for each integer j with 0 < j < κ and every Dirichlet
character χ one has

L(j, g, χ)
τ(χ)(2πi)j

∈
{

Ω−
g Oχ if χ(−1) = (−1)j ,

Ω+
g Oχ if χ(−1) = (−1)j−1,

where τ(χ) is the Gauss sum of χ and Oχ is the extension of O generated by the
values of χ. We write

Lalg(j, g, χ) =
L(j, g, χ)

τ(χ)(2πi)jΩ±
g

where the appropriate Ω±
g is chosen.

Theorem 5.5. ([2]) Let f = f0, . . . , fm ∈ Snew
2κ−2(Γ0(M),O) be a basis of newforms.

Suppose that ρf,p is irreducible. If M > 4 there exists a Hecke operator tf ∈ T(1)(2κ−
2,O) so that

tffi =
{

αff if i = 0
0 otherwise

where αf = uf 〈f,f〉
Ω+

f Ω−f
and uf ∈ O×. We have the exact same result in the case M ∈

{1, 3}, we just require the additional assumption that f is ordinary at p.

We use the fact that the Saito-Kurokawa correspondence is Hecke-equivariant to
conclude that there exists t

(2)
f ∈ T(2)(κ,O) so that

t
(2)
f Fi =

{
αfFf if i = 0
0 if 1 ≤ i ≤ m.

We now return to the congruence

Ff (W ) ≡ −$b

uAFf
(T0)

m+r∑
i=1

ci,iAFi
(T0)Fi(W ) (mod $b).

As the Hecke operator t
(2)
f is defined over O, we can apply it to the congruence to

obtain

αfFf (W ) ≡ −$b

uAFf
(T0)

m+r∑
i=1

ci,iAFi
(T0)t

(2)
f Fi(W ) (mod $b).

The operator t
(2)
f kills any Saito-Kurokawa lifts in SM,new

κ (Γ(2)
0 (M)) in the sum defin-

ing G. Thus, we have

Ff (W ) ≡ α−1
f

m+r∑
i=m+1

cit
(2)
f Fi(W ) (mod $b)
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where the Fi are in SM,new
κ (Γ(2)

0 (M))⊥. Rename G as

G(W ) = α−1
f

m+r∑
i=m+1

ciλFi
(t(2)f )Fi(W ).

We would like to have a congruence to an eigenform. We can achieve this, assuming
we can write

Aκ,N
LΣN (5− κ, Ff , χ, St)

π3〈Ff , Ff 〉
=

u

$b

for some b ≥ 1 as follows. Let F ∈ Sκ(Γ(2)
0 (M),O) be an eigenform for T(2),ΣM (κ,O)

where T(2),ΣM (κ,O) denotes the Hecke algebra generated over O by the Hecke oper-
ators T (n) with gcd(n, M) = 1. Recall we can associate to F a maximal ideal mF

of T(2),ΣM (κ,O) by setting mF = ker(ςF ) where ςF : T(2),ΣM (κ,O) → O → O/$ is
defined by sending t to λF (t)(mod$). We will make use of the following well known
result.

Proposition 5.6. The Hecke algebra T(2),ΣM (κ,O) factors as

T(2),ΣM (κ,O) =
∏
m

T(2),ΣM (κ,O)m

where the product runs over all maximal ideals of T(2),ΣM (κ,O) and T(2),ΣM (κ,O)m

denotes the localization of T(2),ΣM (κ,O) at m.

We have the following immediate corollary.

Corollary 5.7. Let F,G ∈ Sκ(Γ(2)
0 (M),O) be eigenforms for T(2),ΣM (κ,O). There

exists a Hecke operator tG ∈ T(2),ΣM (κ,O) so that tGG = G and tGF = 0 if F 6≡ev,ΣM

G (mod $). If F ≡ev,ΣM
G (mod $), then tGF = F .

Lemma 5.8. Let G ∈ SM,new
κ (Γ(2)

0 (M))⊥ be as above so that we have the congruence
G ≡ Ff (mod$b). Then there exists an eigenform F so that F ∈ SM,new

κ (Γ(2)
0 (M))⊥

so that
Ff ≡ev,ΣM

F (mod$).

Proof. Let tFf
be as above. If Fi 6≡ev,ΣM

Ff (mod$) for every i then applying tFf
to

the congruence G ≡ Ff (mod$) would then yield Ff ≡ 0(mod$), a contradiction to
the fact that AFf

(T0) ∈ O×. Thus there must be an i so that Ff ≡ev,ΣM
Fi(mod$).

�

After acting by the Hecke operators, we have reduced the problem to studying the
conditions under which we can write αfc0,0 = α

$b for some b ≥ 1. We wish to give
these conditions in terms of special values of the L-function associated to f as well as
twists of this L-function by Dirichlet characters.

We can apply Theorems 2.9 and 2.10 to write

αfc0,0 = Cκ,M,N
LΣN (3− κ, χ)L(κ− 1, f, χD)LΣN (1, f, χ)LΣN (2, f, χ)

π2L(κ, f)Ω+
f Ω−

f

where

Cκ,M,N =
νNDκ22κ+n+13uf

Mκ(κ− 1)D3/2|cSHD(f)(|D|)|2[Γ2
0(M) : Γ2

0(N)]
∏n

i=1(p
2
i + 1)
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where M = p1 · · · pn.
We begin by investigating Cκ,M,N . Note that everything in the numerator (respec-

tively the denominator) of Ck,M,N is integral. Note that as long as we choose D so
that p - D, we will not have any $’s in the numerator as we assumed p > 3 so $
cannot divide 2 or 3. Thus, we have that

ord$(Cκ,M,N ) ≤ 0.

We can write
LΣN (1, f, χ)LΣN (2, f, χ)

Ω+
f Ω−

f

=
τ(χ)2(2πi)3Lalg(1, f, χ)Lalg(2, f, χ)

LΣN
(1, f, χ)LΣN

(2, f, χ)
.

We also know that if p - N then LΣN (3− κ, χ) ∈ Zp[χ]. If we require that χD(−1) =
−1, then we have

L(κ− 1, f, χD)
Lalg(κ, f)

=
τ(χD)Lalg(κ− 1, f, χD)

(2πi)Lalg(κ, f)
.

Since p - DN we have that τ(χ) and τ(χD) are $ units. Thus, we have that if

ord$

(
LΣN (3− κ, χ)Lalg(κ− 1, f, χD)Lalg(1, f, χ)Lalg(2, f, χ)

Lalg(κ, f)

)
< 0

then we will have ord$(αfc0,0) < 0 as desired. This certainly is the case if we can
choose D and χ so that p - LΣN (3 − κ, χ)Lalg(κ − 1, f, χD)Lalg(1, f, χ)Lalg(2, f, χ)
since by assumption we have p | Lalg(κ, f).

We summarize with the following theorem.

Theorem 5.9. Let M be a positive odd square-free integer and κ > 9 an even integer.
Let f ∈ Snew

2κ−2(Γ0(M)) be a newform, p ⊂ OQ(f) a prime with residue characteristic
p > 2κ− 2 so that p - M , ρf,p is irreducible, and p | Lalg(κ, f). (If M = 1, 3 we also
require f to be ordinary at p.) Let Ff be the Saito-Kurokawa lift of f . If there exists
a fundamental discriminant D so that gcd(pM,D) = 1, D < 0, χD(−1) = −1 and
cSH(f)(|D|) 6= 0, an integer N > 1 with M |N and p - N and a Dirichlet character χ
of conductor N such that

p - LΣN (3− κ, χ)Lalg(κ− 1, f, χD)Lalg(1, f, χ)Lalg(2, f, χ),

then there exists a nonzero eigenform G ∈ SM,new
k (Γ2

0(M))⊥ so that

Ff ≡ev,ΣM
G(mod p),

i.e. p is a congruence prime of Ff with respect to SM,new
κ (Γ(2)

0 (M)))⊥.

Note that if we add the condition that S2κ−2(Γ0(M)) has a basis of newforms,
then we have SM,new

κ (Γ(2)
0 (M)) = SM

κ (Γ(2)
0 (M)). Alternatively, if we require that

ρf,p has Serre level M then we have that f cannot be congruent modulo p to a
form of smaller level. In particular, this gives that Ff cannot be congruent to any
Fg ∈ SM

κ (Γ(2)
0 (M))− SM,new

κ (Γ(2)
0 (M)). Thus, we obtain the following corollary.

Corollary 5.10. Let M be a positive odd square-free integer and κ > 9 an even
integer. Let f ∈ Snew

2κ−2(Γ0(M)) be a newform, p ⊂ OQ(f) a prime with residue
characteristic p > 2κ − 2 so that p - M , ρf,p is irreducible, and p | Lalg(κ, f). (If
M = 1, 3 we also require f to be ordinary at p.) Furthermore, assume that either
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S2κ−2(Γ0(M)) has a basis of newforms or ρf,p has Serre level M . Let Ff be the Saito-
Kurokawa lift of f . If there exists a fundamental discriminant D so that gcd(pM,D) =
1, D < 0, χD(−1) = −1 and cSH(f)(|D|) 6= 0, an integer N > 1 with M |N and p - N
and a Dirichlet character χ of conductor N such that

p - LΣN (3− κ, χ)Lalg(κ− 1, f, χD)Lalg(1, f, χ)Lalg(2, f, χ),

then there exists a nonzero eigenform G ∈ SM
k (Γ2

0(M))⊥ so that

Ff ≡ev,ΣM
G(mod p)

i.e. p is a congruence prime of Ff with respect to SM
κ (Γ(2)

0 (M)))⊥.
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